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Value := evalf (rhs(INT) )

assume(a > 0,6>0,a > b) :

INT2 = Int(

expand(tan(x +y

a+b cos(theta)

INT2 :=

));
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V¥ Difference between Diff and diff & Int and int:

N dilog(1 +¢'")

+

108

6

Value := 1.188054672

, theta=0 ..Pij = im‘[

1

a+b cos(theta)

I

do =

a~~+ b~cos(0)

Y Expand and Combine:

tan(x) + tan(y)

1 — tan(x) tan(y)

(x—»)

2

)

[a — b
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, thetaZO..Pi);
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3.1)



cos(y) + cos(x)
combine(7 sin(x) — 56 sin(x)3 + 112 sin(x)5 — 64 sin(x)7)
sin(7x)

¥ Taylor series:
Force = taylor(F(x) ,x=0,5 )

Force = F(0) + D(F) (0) x + — D (F) (0) x" + % DY (F)(0) x

+ % DY (F)(0)x" + O(x)

Force := convert( Force, polynom)

Force == F(O) + D(F)(O) X+

¥ Checking the statement:
sin(theta[ 1] + theta|2]) = expand|(sin(theta[ 1] + theta[2]) )
sin(e1 + 62) =sin<61) cos(Gz) + cos(el) sin(Gz)
cos( 2 theta) = expand( cos(2 theta) )
cos(2 9) =2 cos(e)2 — 1

V¥ Factor, expand and simplify:
poly:=x —3x —23x +51x + 94 x — 120;
poly = X =3x —23%¥ +51xX +94x— 120
poly = factor( poly);
poly = (x—=1) (x=3) (x=5) (x+4) (x+2)

simplify X42x+14

x2+2x+1

XA2x 1+ ————
(x+1)

1

x2—|-2x—|-l—|—2—
x +2x+1

expand

(3.2)

(3.3)

4.1)

(5.1)

(5.2)

(6.1)

(6.2)

(6.3)



1

x2+2x+1+2—
x +2x+1

1

x2+2x+1+2—
x +2x+1

expand (Simpliﬁ/

1
x2+2x+1+ 5
(x+1)

¥ Solving system of Equation:

Digits := 3
Digits := 3

eql == 2x[1]+3x[2]—=6x[3] =5x[4]=2;

eql = 2xl +3x2—6x3 —5x4=2
eq2 == x[1]—2x[2]—4x[3]+2x[4]=0;

eq2 = X —2x2 —4)c3 —|—2x4=0
eq3 =3 x[1]+25x[2] + x[4]=5;
eq3 = 3x1 + 2.5x2 +x4=5
eq4 == x[2]—23x[3]+9.3x[4]=72;
eqd = X, = 23 X, + 9.3 X, =72
solution := solve( {eql, eq2, eq3, eq4}, {x[1],x[2], x[3], x[4]});
solution = {xl =0.675, X =0.979, X = —0.0575, X, =0.527}
assign( solution) : x[3];
—0.0575

xX[3]

—0.0575

Creating plot with data and with formula:

restart : with( plots) : with( stats[ statplots|) :
unprotect( time) :

equations with unknown currents XX, X, and X, Solve the set of currents uto 3-digits.

6.4)

(6.5)

For a certain direct current (dc) circuit, Kirchhoff's loop rules give the following four simultanious

(7.1)

(7.2)

(7.3)

(7.4)

(7.5)

(7.6)

(7.7

(7.8)

(7.9)

time := [0.347, 0.470, 0.519, 0.582, 0.650, 0.674, 0.717, 0.766, 0.823, 0.870, 1.031, 1.193, 1.354,



1.501, 1.726, 1.873 |;
time := [0.347, 0.470, 0.519, 0.582, 0.650, 0.674, 0.717, 0.766, 0.823, 0.870, 1.031, 1.193,
1.354, 1.501, 1.726, 1.873 ]

(8.1)

distance = [0.61, 1.00, 1.22, 1.52, 1.83, 2.00, 2.13, 2.44, 2.74, 3.00, 4.00, 5.00, 6.00, 7.00, 8.50,

9.50];
distance == [0.61, 1.00, 1.22, 1.52, 1.83, 2.00, 2.13, 2.44, 2.74, 3.00, 4.00, 5.00, 6.00, 7.00,
8.50,9.50]

scatterplot command is used to plot the distance vs time data:
pts = scatterplot( time, distance, symbol= circle, color = blue)

10-

2- o®
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Theoritical formula:

= (Lo 51

g = 9.8Lv[T] = 6.80;

(8.2)

(8.3)



g =928l

v, = 6.80 8.9
Maple automatically substitute the values into the formula:
Y=y
y = 4.713557594 In(cosh( 1.442647059 1) ) 8.5)
Gr = plot(y,t=0..2)
104
8-
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To superimpose the two graphs display command is used:
display( {pts, Gr}, tickmarks = [3, 2], labels = ["t”, "y"], title ="distance vs time" )5



distance vs time
10.389 -

—0.279 4 1 2

¥ Solving DE and collecting/combining coefficient and
substituting value:

restart,

egn = diff (u(x,y),x,y) + 2 sin(theta) diff (u(x,y),x,x) + 2c os(theta)diﬁ”(u(x,y),y,y)
+ 3 sin(theta) diff (u(x,y, t),y,y) +7 cos(theta)dsz (x,y =0;
s
eqn = anly u(x,y) +2 sin(0) [g u(x,y) | + 2 cos(@ [g J 9.1

+ 3 sin(0) [% u(x,y,t)) + 7 cos(0) (a u(x, y))

collect( eqn, {sin(theta) , cos(theta) }),

(2 g u(x,y) +7 % u(x,y)j cos(0) + [2 % u(x,y) +3 % u(x,y, t)] sin(0) (9.2

s
+ axdy u(x,y) =0




degn = y"(x) —y'(x) +2=0; _SolveDE, y(x) =¢' c,t2x+c,

above DE is solved by using right-side pane with "solve DE" option and below is solving with

command
dsol := dsolve(degn, y(x))

dsol = y(x) =¢ c, +2x+ c, 9.3)

(%)
() 0.4
Assignment of solution to y(x):
assign(dsol) :y(x);
e c, +2x+ c, 9.5)
(%)
e c, +2x+ c, 9.6)

automatic substitution if we assign solution before:

new_eqn = y(x)2 +y(x) +3=0;
2
new_eqn = (excl—i-Zx-i-cz) +excl+2x+cz+3=0 9.7

or we can substitute by subs command, let say in #y3 (x).

(e’“c1+2x+c2)3 9.8)

Another example of subs:
eqn3 = diff (u(x, ), x) + diff (u(x,5),5);
0

0
eqn3 = o u(x,y) + a u(x,y) 9.9)

subs (diff (u(x,y),x) =0, eqn3)

4]
@ u(x, ) 9.10)
egnd = diff (u(x,y), x) diff (u(x,y),») +diff (u(x,y),x, x) + diff (u(x,»),,»);
4 = o 9 + i + i 9.11)
eqnd = o u(x,y)j (ay u(x,y)) o u(x,y) ay2 u(x,y) .
subs (diff (u(x,y),y) diff (u(x,y),x) =0, eqnd);
% u(x,y) + g u(x,y) (9.12)

again with changing order of occuring:
subs (diff (u(x,y),x) diff (u(x,y),y) =0, eqnd);



o o
g u(x,y) + y u(x,y)

Using dsubs( ):
restart : with(PDEtools) :

egn’ = diff (u(x,y), x) diff (u(x,y),y) +diff (u(x, ), x,x) +diff (u(x,),»,»);

cans = (- uxn)) (o e ) + 2 ) + g u(xy)

dy

dsubs (diff (u(x,),y) -diff (u(x,y),x) =0, eqn3)
i3

o
g u(x,y) + y u(x,y)

again with changing order of occuring:
dsubs (diff (u(x,y),x) diff (u(x,y),y) =0, eqn5);
i3 s
S u(xy)+ 5 u(xy)
Qx dy
Using subs( ) in MTM:
restart : with( MTM) :

eqn6 = diff (u(x,y),x) diff (u(x,),»y) + diff (u(x,),x x) +diff (u(x,»),»¥);

0 0

eqn6 = (E u(x,y)) (@ u(x,y)j + sxxx u(x,y) + % u(x,y)

subs(eqn6, diff (u(x,y),y) diff (u(x,y),x),0);

('fxxx u(x,y) + % u(x,y)

subs(eqn6, diff (u(x,y),x) diff (u(x,»),5),0);

:;x u(x,y) + % u(x,y)

Numerical Solution of ODE

restart : with( plots) :

eq = diff (y(1), 1, t) + y(t) + 0.25y(1)* =0.55 sin(0.1 1);
2

eq = —5 y(t) + (1) +025y(1)" =055 sin(0.1 1)

ic:=y(0)=1,D(»)(0)=0
sol = dsolve( {eq, ic}, y(t), type=numeric, output = lisiprocedure);

(9.13)

(9.14)

(9.15)

(9.16)

9.17)

(9.18)

(9.19)

(10.1)

(10.2)



d
sol == |t=proc(?) ... end proc, y(7) =proc(?) ... end proc, m y(t) =proc(t) (10.3)

end proc |

odeplot( sol, [t, (1) ], 100..300, numpoints = 500, axes = framed, tickmarks = [2, 2], labels
= [”time", "displacement" ], view = [ 100..300,—2..2 ], color = black) ;
2-

|

displacement

300

time

Y Working with system

restart : with(DEtools) :

a[r]=2:b[r]=001:a[f]=1:b[f]=0.01:

Rabbits-foxes system

RP = (10 e[ 0) =)0 1) el ) + 817170
F(1);

RF := :t r(t) =2r(t) — 0.01 (1) f(1), jtf(t) = —f(1) +0.01 (1) £(1) (1L.1)




need to put system in a list using [ ]
phaseportmit( [RF], [r(t) ,f(t) ], t=0..10, [ [r(O) = lOO,f(O) = 5]], stepsize =0.01, linecolor
= blue, arrows = NONE, title = "foxes(f) and rabbits(r)") ;
foxes(f) and rabbits(r)
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7

Y Summition and Animation

restart : with( plots) :
ci=1:N:=5:
unassign('x''t") :

psi == Pi(l +sum( {Err]) (r=er)) ,n=0..N]]

(2n+1)
1 ' sin(3¢—3x) sin(5¢—5x) sin(7¢—"7x)
o= ;(4 (1 —sin(f—x) — 3 — 5 - 7 (12.1)
sin(9¢—9x) sin(117—11x) )j
9 11

animate(psi, x=—20..20,t=0..10, frames = 50, numpoints = 500 ) ;




tr == {x=r+s,y=r—s};
tr={x=r+sy=r—sj
dchange(tr, PDE);

0
Ef(r,s) +g(rs)=0

Tell Maple you are looking at g as a "known'' function:
dchange( tr, PDE, known = g) ;

0
Ef(r,s) +g(r+sr—s)=0

2
5.
1
0.5 -
—20 ' ~10 ' 0 ' 10 20
¥ Change of variables:
with(PDEtools) :
PDE = diff (f(x.y),x) +g(x.y) +diff (f(x1),y) =0;
PDE—&f( y) tg(xy)+ :yf(x,y)=0

(13.1)

(13.2)

(13.3)

(13.4)



The next example demonstrates the reduction of the number of independent variables inside a

| differential operator:
B 0

)
L=fﬂ(5yj—y(&f) (13.5)

1 1
> tri= {x=sr2,y=s(1—r)2}

tr = {xzs\/?,yzs /l—r} (13.6)

:The transformation tr reduces the number of differentiation variables:
> 'L" =dchange(tr, L, simplify)

L’=(f—>—2\/7\/ﬁ (%f}) (13.7)

:This example demonstrates the use of the differential operator d/dy alone:

]
d = fo—
> dly]=r ayf a
4= (13.8)
=> dchange(tr, d[y], normal)
0 0
=) (w )
fo— g (13.9)
¥ if..then..celse.. end if
[> a := 10; b := 15;
a =10
b =15 (14.1)

Since a (3) is not greater than b (5), the b branch is followed.
> if (a > b) then a else b end if;
15 (14.2)

FAIL is used by the Boolean logic to mean an unknown or undetermined value. A FAIL has the
same effect as false.
> if 'FAIL' then 3 else 5 end if;
5 (14.3)
> c = 12;
c=12 (14.49)




In the following equation there are two nested selections. Since a<b is true and a<c is false, d is
assigned the calculated value a*c.
[> if a < b then
if a < c then d := a*b else d := a*c end if
end if;
d
150 (14.5)
> if a < b then
if a < ¢c then d := a*b else d := a*c end if
fi;
d
150 (14.6)
__§oucanlme"ﬁ”in;ﬂaceof"endif‘ashlabove

V use of elif

a = 3;
a:=3 (15.1)
[> if a = 1 then print(first)
elif a = 2 then print (second)
elif a = 3 then print(third)
end if;
third (15.2)
> s := String(a, if a = 1 then "st"
elif a = 2 then "nd"
elif a = 3 then "rd"
else "th" end if);
s == "3rd" (15.3)
[>

Y Point plot and sequence
restart : with( plots)

SEQ = Seq(%, n=1 ..100) :
pointplot( [SEQ))
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V¥ Derivation and Solution of Sine-Gordon Equation

restart : with( plots) :
eql == m-I-diff (psi(x, t),,t) + m-g-sin(psi(x,t))—k-(psi(x + h,t) —psi(x, 1)) + k- (psi(x,
1) — psi(x — h, 1)) =0;

eql:==ml [% W(x,t)) + mgsin(qf(x, t)) —k (w(x-l— h,t) —y(x, t)) +k(l|f(x, 1)y (@A7.1)

—W(x—h,t))ZO
eq2 = expand(eql/ (m*g));
g
l[_z v(x, f)]
g
ky(x—h,t) 0
mg -
eq3 = taylor(lhs(eq2), h=0,3) =rhs(eq2);

ky(x+h,t) 2ky(x,1)
mg * mg

17.2)

eq2 = +sin(y(x, 7)) —




[ i X, t
o V(x, 1) | kD (y) (x1)
eq3 == 2 + 51n(\|f(x, t)) - g

K+ 0(h') =0 (17.3)

eq4 = convert( eq3, polynom);

l[iz w(x )

2
o kD (w) (x1) h

4= + si 1)) —
eq " sin(y(x, 7)) o

=0 (17.4)

Substitution in group:
kb D[1, 1](psi) (x, 1)

SGeq = subs[[l-diﬁ”(psi(x, 1), 1, 1) /g=diff(psi(X, I, TT), (mg)
=dijf(psi(X, T),X,X), sin(psi(x, t)) =sin(psi(X, T) )}, eq4J;
SGeq = % Y(X, T) +sin(y(X,T)) — % Y(X, T)=0 (17.5)
i(X, T) = 4-arct (r=el)
i(X, T) :=4-arctan| exp| ————— | |5
(1) = e 7
X—cT
v = (X, T) n—>4-arctan[eV 2 J (17.6)
SGeq2 = expand(SGeq);
X
4l —2+1
SGeq?2 = * 3 17.7)
= [e -2 +1
(= +1)e e g+ 1
S
Y 3
=)
— p - S
cT 3
=
2 2 +1 c
(= +1) e ] 5t
S




X X
[—2 'y
8e i 4e i
+ X 2 2 B X
cT cT
/ - J =& +1
e H [y e/—c2+1 [e ]
" >+ 1] e o7
[em] R ]
X
e
— ( - .
cT
[ =2 +1
— e
(_Cz+1)e Cz""l ﬁ"‘l
(e/—c2+1 ]
X 3
. [em)
+ > =0
) ( L
cT
[ A +1 j
—2 e
(=" +1) le “] -+ 1
cT
(e/—cz-i-l )
radnormal ( %) ;
0=0
Animation at ¢=0.5
c=0.5;
c:=0.5

am’mate(psi(X, T) , X=—20..20, T=0..20, frames = 50, numpoints = 500);

(17.8)

(17.9)



—20 —10 0

V¥ Piecewise function
7= piecewise(x < 2, —2000, —2015);
—2000 x <2

—2015 otherwise

s = piecewise(abs( V[ 1 ](t) ) < 1.5,—2200, 2000)

(18.1)



Breaking piecewise function:
assume(a < b b < c)

convert( eq2, piecewise, x) ;

V¥ The logistic map

restart : with( stats| statplots|) :

forn from 0 to N do
X[n + 1] = a-X[n]-(l —X[n]);
od:

npoints := [seq(m,m=0.N) |:

a:=305:N:=119:X[0]:=0.1:
Defining sequence with 119 terms:

Xpoints := [seq(X[n],n=0.N)]:

—2200

2000

1
2

eq2 =

S DO

V(1) <15

otherwise

eq2 = piecewise(a < xandx < b,1,b <xandx < c,2);

a~ < x < b~

b~<x <05

scatterplot( npoints, Xpoints, symbol = circle, color = blue, labels = ["n”, "X[n]" ] ) ;

(18.2)

(18.3)

(18.4)



0.8 -

restart : with( stats| statplots|) :
a:=3:b:=35:N:=2000:X[0]=0.1:Y[0]:=02:
Defining sequence with 119 terms:

forn from 0 to N do

X[n-i— 1] ==a-X[ ] (1
Y[n+1]:=0b-X[n]-Y[n]
od:

Xpoints := [seq(X[n],n=0.N)]:
Ypoints := [seq(Y[n],n=0.N) |:

—X[n] = Y[n]);

] W—-ﬁ oD

0.7 -

0.6 {%9%0000000000:

0.5 -

X
o4 -

0.3 -
o

0.2 -

0.1 4
0 20 40 60 80 100 120

n
V¥ Predator-prey Map

Scatterplot(XpointS, Ypoints, symbol = circle, color = blue, labels = ["n", "X[n]" ] );
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Y Damped Harmonic Oscillator Solution

restart : unprotect( [theta, gamma, omega| )
Using theta, gamma and omega as function: (unprotect them before using)

alias(theta =y, gamma =g, theta[ 0 | =4, omega[0]=w) :
osc = diff (y(1), t, 1) + 2-g-diff (v(1), 1) +w"-y(1) =0;
& d >
osc = ? (1) +2Y[E 9(1‘)] + ©,0(7) =0

soln = dsolve( {osc,y(0) =4,D(y) (0) =0}, y(?), method =laplace);

> ) N ysinh(t / yz— “)i) @12)

soln = 8(1) =e_tY90 Cosh(t YZ — ,

21.1)

T — O,

collect( soln, [exp, A, cos] ) ;




iy > 3 ysmh(t yz -, )
e(t) =e 0, cosh(t Y — O, ) (21.3)
/ ()
Y Roots-eigenvalues
restart : with(linalg) :
A= array( [ [a, b], [c, d]]);
a b
A= (22.1)
c d
Obtaining characteristic polynimial:
cp = charpoly( A, lambda);
cp==ad—a7»—bc—7»d+7u2 (22.2)
cp = collect(cp, lambda);
=N+ (—a—d)A+ad—bc 22.3)
cpsubs = subs ( { —a—d=p,—b*c=q—a*d}, cp) =0;
cpsubs = 7u2 +pA+4g=0 (22.4)
sol := solve( cpsubs, lambda);
2 7
p  Jp —4q p P —44q
sol==—3+f,—?—f (22.5)

lambda[l] = sol[l];
1ambda[2] = 501[2];

N Bl (22.6)




V¥ Tangent field ploting

restart : with( DEtools) :
omega := 1 :
simpend := diff (theta(t), 1) =y(t), diff (y(?),t) =—omega — 2- sin(theta(7));

d d
simpend = m 0(1) =y(1), m y(ty=—1-2 sin(G(t)) (23.1)

The dfieldplot command is used to produce the tangent field. The range of t, y and 0 are specified as
well as the number of grid points to be selected in the horizontal and vertical directions. The default
number is [20,20].

dﬁeldplot( [simpend], [theta(t),y(t) ], t=—4.4,y==—3 .3, theta=—7..7, dirgrid = [40, 20]);
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¥ Competing armies with coefficient collection

restart : with( plots) : alias(C[1]=x, C[2]=y) :
xprime := alpha-x — beta-x-y;
xwma=—mag+aq (24.1)
yprime := (alpha+ 1)-y — gamma-beta-x-y;
yprime = 01+—1)Cé—-yBCHCé (24.2)
eq = simplify( yprime/xprime);
C (YBC —a—1
eq = . (1P€ ) (24.3)
CI(BCE—-a>
sol == solve( {xprime, yprime}, {x,y});
a+1 o
sol == {CIZO,CEZO}, C = ,C=— (24.4)
vB B




assign(sol[2]);
X=X =),

X=xtuy:=y+v

uprime = simplify( collect(xprime , [u, v]));
v (Byu+o+1)

uprime = —
v
Picking coefficient with coeff function:
a = coeff (uprime, u);
a = SubS(V:O, ay;
a=—PBv
a =
b := coeff (uprime, v);
b= Subs(u =0, b);
’ Byu+ o+ 1
Y
o+ 1
Y

vprime = simplify( collect(yprime, [u, v]));
vprime == —vy ([3 v+ oc) u

¢ = coeff (vprime, u);
c = Subs(VZO, c);

c==—’y([3v+oc)
ci=—yo

d = coeff (vprime, v);
d = Subs(u =0, d);

(24.5)

(24.6)

(24.7)

(24.8)

(24.9)

(24.10)

(24.11)

(24.12)



p = simplify( — (a +d));
pi=0 (24.13)

q = simplify(a-d — b-c);
g=—(a+1)a (24.14)

restart : with( DEtools) : unprotect( gamma) :

alpha := 5 : gamma := 1.15 : beta := 1/2500 :

alias(C[1]=x, C[2]=y) :

armies = diff (x(t), t) =alpha-x(#) — beta-x(¢) y(t), diff (v(?).t) = (alpha+ 1)-y(#) — gamma
"beta-x(7) -y (1);

_ d C (1) (1) d
armies == —/— Cl(t) =5 Cl(t) — m C (1)=6C (1) (24.15)

dr 2500
— 0.0004600000000 C () C, (1)
1 2

phaseportmit( [armies], [x(t),y(t) ] ,1=0..0.8, [ [x(O) =4000,y(0) =3000], [x(O) =4000,
y(0) =4500]],

x=15000..30000, y =—5000 .. 30000, dirgrid = [30, 30], stepsize = 0.01, linecolor = blue, arrows
=MEDIUM);
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V¥ Stability Analysis for the Lorenz System (3d-nonlinear
systems)

restart : with(linalg) : N = 3 :
A= army(l .N,1.N,[ ]) :
eq[1] = sigma- (x[2]—x[1]);

eq =0 (xz - xl) (25.1)
eq[2] = r-x[l]—x[Z]—x[l]-x[3];
eq, =rx —X X —X (25.2)
eq[3]:=x[1]x[2] — b-x[3];
eq, = —b X, + X X (25.3)

sol == solve( {seq(eq[i],i=1..N) }, {seq(x[i],i=1..N)});
sol == {xl =0, X, =0, X, ZO}, {xl =Root0f(_Z2 —rb+ b),x2 =Root0f(_Z2 —rb+ b),x3 (254)

=r—1}

removing RootOf :
removing RootOf (25.5)
sols23 = allvalues(sol[Z]);

sols23 = {xl=\/rb—b,x2=\/rb—b,x3=r—1}, {xl=— [rb=b.x == [rb—b. (25.6)

X =r— 1}
assign(sols23[1]);
x 0:=x[1};y 0:=x[2];z_0:=x[3];
x 0:=J/rb—>
y 0= [rb—>»
z0=r—1 (25.7)




x =r—14u
3 3

for i from 1 to N do
subs(u[2]=0,u[3]=0, eq[i]);
A[i, 1] = coeff (%, u[1]);
subs(u[1]=0,u[3]=0, eq[i]);
A[L, 2] = coeff (70, u[2]);
subs(u[1]=0,u[2]=0, eq[i]);
A1, 3] = coeff (7, u[3]);

od:
print(A)
-0 o 0
1 -1 —[br—>5b
Jbr=b  [br—>b —b

cp = charpoly( 4, lambda);
p=bN +bAr+bAG+2br6+N +A G—26b+ N
lambda_eq = collect( cp, lambda);
lambda_eq =\ + (b+ G+ 1) X + (br+ob)h+2brc—20b
sigma:=10:b :=8/3 :r:=28:

num_lambda_eq = lambda_eq =0;
41 >

3 304
num_lambda_eq = A + 3 A+ = A+ 1440=0

ans = evalf (solve( num_lambda_eq, lambda) );
ans == —13.85457791, 0.093955624 — 10.19450522 1, 0.093955624 + 10.19450522 1

lambda[ 1] := ans[1]; lambda[2] := ans[2]; lambda[3 ] := ans[3];
[1] [1] [2] [2] [3] [3]
A, = —13.85457791

1

A, = 0.093955624 — 10.19450522 1

A, == 0.093955624 + 10.19450522 1

for i from 1 to 3 do
X[i] = evalf(subs(u[i] =O,x[i]) )5
od;
X1 = 8.485281374

X2 = 8.485281374

(25.8)

(25.9)

(25.10)

(25.11)

(25.12)

(25.13)

(25.14)



L X =27. (25.15)

¥ Nonlinear Drag on a Falling Sphere and info of methods

restart .
2

de = diff(v(t), 1) =g — A-v(t) - B-v(t) ;
d
dr
The following command line asks for information on the methods used in the dsolve command to
obtain an analytic solution. The amount of information given, which will appear in the output of the
dsolve command, depends on thelevel specified. The possible levels are 1, 2, 3, 4, or 5. Levels 2 and
3 provide general information on the technique or algorithm being used. More detailed information

de = — v(t) =g — Av(t) — Bv(1)’ (26.1)

may sometimes be provided by specifying a higher level. In the following command line, the
infolevel is taken to be 2.
infolevel| dsolve| = 2;

infoleveldm = 2 (26.2)

Ive
vel = dsolve( {de, v(O) =0}, v(t) );
Methods for first order ODEs:
--- Trying classification methods ---
trying a quadrature
trying 1lst order linear
trying Bernoulli
trying separable

<- separable successful

)
tJA +4B A
—tanh g +arctanh[—] /A2+4Bg + 4

2 p)
|A+ 4B
vel = v(t) = — 7B & (26.3)
V¥ Isolation of V
restart .
eq = int(x,x=0.V) =gt
7
eq ‘= 7 :gl‘ (27.1)




isolate(eq, V')
V=R00t0f(_Z2 —2g t)
allvalues (75)

y= 7 JET V=T [T

Y identify ODE with odeadvisor

restart : with(DEtools, odeadvisor) :

ode = diff (y(x),x) + a~y(x)2 + y(xx) + é =0;
ode = % y(x) + ay(x)2 + y(;) + % =0

odeadvisor( ode) ;
[_rational, _Riccati]
dsolve(ode, y(x) );
—IBesselK( 1, Ix) c, + BesselJ( L, x)

y(x)=- (¢, BesselK (0, Ix) — Bessell(0,.x) )

V¥ Series solution

restart .
ODE = diff(x(t), A t) + sin(x(t) ) =0;
dz
ODE = E x(t) + sin(x(t))
initvals == x(O) =Pi/3, D(x) (O) =0;

0

initvals = x(0) = %, D(x) (0) =0

Order == 10:
solution = dsolve( {ODE, initvals}, x(l) s series);

(27.2)

(27.3)

(28.1)

(28.2)

(28.3)

(29.1)

(29.2)

1 1 1 7
solution = x(1) = 3 = 5 [3 £+ 5= [3 i+ o0 [3 = s [3 8+ 0(") 293)



Generating Perturbation Equations and solution

restart : N :== 5 :

alias ( epsilon = ep, tau=1) :#creates Greek symbols

ODE = diff (X (1), 1) + X (t) =—ep* X(1)";

2

ODE := 4 X(1) +X(1) =—eX(1)
dt

X(t) = sum(x[i](t)-ep ,i=0.N);

i=0
degn = simpliﬁz( collect( ODE, ep), {epNJrl = O});
degn = (dir « (1) +x5(1)] S+ [d% (1) +x4(1-)] &+ [d% « (1) +x3(‘c)) &
[ ) ()] @t [ x(0) (1) | et~ x (1) 4 (1) -
dezT .XZT € dTXT X\T € dT.XT .XOT—

—c (2x4(’c) xO(T) e+ 2x3(’c) xl(r) ¢ +x2(‘c)ze4 + 2x3(’c) x (1) €

+2x (1) x (1) € +2x (1) x (1) € +x (1) € +2x (1) x, (1) e+x0(’c)2>

for i from 0 to N do
eqn[i] := sort(coeff (lhs(degn), ep, i) ) = coeff (rhs(deqn), ep, i);
od;

d
eqn = d_’c xo(‘c) —I—xo(‘c) =0

d 2
eqn = d_’c xl(‘c) —I—xl(‘c) = —xO(‘c)

eqn, = di’c xz(‘c) +x2(‘c) = —2x0(‘c) xl(’t)

eqn, = diT x (1) +x,(1) = =2x (1) x (1) —x (1)

eqn, = di’c x4(‘c) —I—x4(‘c) = —2x0(‘c) x3(’t) - 2x1(‘c) xz(’t)

d

eqn, = d_’c xS(‘c) +x5(‘c) = —2x0(‘c) x4(’t) - 2x1(‘c) x3(’t) —xz(‘l:)2

(30.1)

(30.4)



V¥ Hard Spring Perturbation Solution

restart : N :=1:

alias (epsilon = ep, tau=1t) :#creates Greek symbols

ODE = W'diff (X (1), ,t) + omega[0]'X () + ep-X(1)’ =0;
2

ODE = W [d—2 X(r)] + o, X(t) + ex(t) =0
dt

X(t) = sum(x[i](t)-ep,i=0.N);
N
Xi=10 (7)€
i=0
W= omega[0] + sum(Omega[i]-epi, i=1 ..N);
W:=Q e+ o,

ODE
ODE?2 = expand [

omega[O]2
degn = simpllfy( collect( ODE2, ep), {epN+1 = O}) :
for i from O to N do

eqn[i] = expand(coeff (lhs(deqn), ep,i)) =
expand( coeff (rhs(degn), ep, i) );

od;
&
eqn = —5 xo(’c) —l—xo(r) =0
dt
2
d
21— x (1) | Q 3
[drz D H x,(7)
eqn ‘= +— x (1) +x (1) + >— =0
1 ®, P 1 o
0

sol[O] = dsolve( {eqn[O],x[O](O) =A[O], D(x[O]) (0) =0},x[0](t), method=laplace);
sol = x (1) =4, cos(t)
vel = rhs(sol[O]);
vel := A cos(1)
eql = subs(x[0](t) =vel, eqn[1]);

&
2 ()] Aok’

eql =

(31.1)

(31.2)

(31.3)

(31.4)

(31.5)

(31.6)

(31.7)



eql = combme(lhs(eq]) ) =
eq[l] = collect( cos omega O]

[
24, Q Z A > cos(3 1) &
2

——— +x (1) + —5 x(1)=0
4 o, dt

sol[ 1] —dsolve({eq (0) =0}, x[1](¢), method =laplace);

eq = | — cos(

AZ (cos(r)3 — 3 1sin(t) — cos(r))

sol ==x (1) = +

1 1 ®, g 0)(2)

Omegal[ 1] := solve( coeff (rhs(sol[1]), sin(¢)) =0, Omega[1]);
34

Q =

1

80)0

subvel = subs(sin(t) =0, rhs(sol[ 1 ]) );

AZ (cos(1:)3

- cos(r))

2
8(00

subvel :=

subvel == factor(subvel);

AZ cos(t) (cos(t) — 1) (cos(t) +1)

subvel :=

2
8(;)0

X = rhs(sol[0]) + ep-rhs(sol[1]);

3A31sin(‘c) AZ (cos(r)
Xi=4, cos(t) + ¢ > + 5
8w, 8w,

P31 sin(1) — cos(1) )

W= omega[0] + ep-Omega[ 1 |;

restart : with( plots) :

110]=0:r[0]=300:f[0] = 150:a := 0.01 : h := 0.02: n = 1000 :
Digits == 10 : begin = time( ) :

for k£ from O ton do

(31.8)

(31.9)

(31.10)

(31.11)

(31.12)

(31.13)

(31.14)

Y Euler Algorithm to solve numerically rabbits-foxes equations



M+ 1]
ST+ 1]=fk
fk+ 1] = 1[k
pt[k] = [t[k],

od:

cpu_time = (time( ) — begin) -seconds;

[k]+h (2r[k] = a-r{k]/[K]);
]+ ( —J K]+ ar[k] S K]

]+
r[] []]

)

rﬁ

cpu_time := 0.156 seconds

pointplot3d([seq(pt[j],j=0..n) ], color =blue, axes =normal, labels = [t,r,f]);
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(32.1)
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