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Abstract: In this article, we investigate the generalized (3+1)-dimensional KdV-Benjamin-Bona-Mahony
equation governed with constant coefficients. It applies the Painlevé analysis to test the complete integra-
bility of the concerned KdV-BBM equation. The symbolic computational approach provides first-order,
second-order rogue wave and lump solutions with center-controlled parameters. The rogue waves localized
in space and time have a significant amplitude, and lumps are of rational form solution, localized decaying
solutions in all space directions rationally. Utilizing a symbolic computation approach, we get the bilin-
ear equation of the KdV-Benjamin-Bona-Mahony equation and show the center-controlled rogue waves and
lumps. We employ the symbolic system software Mathematica to do the symbolic computations, form the
first and second-order rogue waves, and lump solutions with appropriate values of constant coefficients. The
KdV-Benjamin-Bona-Mahony equation analyses the evolution of long waves with modest amplitudes propa-
gating in plasma physics and the motion of waves in fluids and other weakly dispersive mediums. Moreover,
rogue waves and lumps occur in several scientific areas, such as fluid dynamics, optical fibers, dusty plasma,
oceanography, water engineering, and other nonlinear sciences.

Keywords: Bilinearization; Cole-Hopf transformation; Painlevé analysis; Generalized KdV-BBM equa-
tion; Center-controlled solutions.

1 Introduction

A nonlinear partial differential equation (PDE) represents a wide variety of physical systems, including
fluid dynamics, plasma physics, shallow water waves, and oceanography. It is a mathematical and physical
term for an equation with partial derivatives and nonlinear components. PDEs have been used to solve
various conjectures, including the Poincaré conjecture and the Calabi conjecture. Nonlinear PDEs cannot
be solved using a generic method; hence each equation is examined separately. Pursuing novel, precise
solutions to nonlinear PDEs, prevalent in several nonlinear scientific fields, is always a fascinating subject.
Several approaches have been put forth to deal with nonlinear PDEs, including the Hirota’s bilineariza-
tion method [1H5], the Darboux transformation [6-8], simplified Hirota’s technique [9-11], the Bécklund
transformation [12,[13], the Lie symmetry analysis [14-19], the Pfaffian technique [20,121], Inverse scattering
method [22,23], and other techniques.
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Rogue waves [24130], sometimes known as enormous solitary waves that “come from nowhere” in the wa-
ter, are localized in space-time with significant amplitude. They can severely harm people since they are
unexpected and extensive. As a result, exploring the developing mechanism of rogue waves is crucial,
which has garnered substantial interest from several scholars. In 2018, Zhagilao |31] gave a direct Symbolic
Computational Approach (SCA) technique to generate higher-order rogue waves in nonlinear systems with
center-controlled parameters. Moreover, in 2021, Y. Cao, H. Tian, and B. Ghanbari [32] constructed higher-
order rogue wave solutions of (3+1)-D KdV-Benjamin-Bona-Mahony (KdV-BBM) equation utilizing SCA.
Furthermore, in 2022, X. Yang, Z. Zhang, et al. [33] gave a direct method for constructing higher-order
rogue waves of the (34+1)-D KdV-BBM equation from N-soliton of the Hirota method using long wave limit
technique. Several mathematicians and researchers have shown curiosity in lump waves [35-41] as the ap-
propriate prototypes to sport rogue waves in an optical medium, fluid dynamics, and plasmas. Lump wave
solutions are localized in nature, rationally decaying in all space directions. Manakov et al. [42] found a
lump wave and found that the lump wave interactions do not practice phase shifts. Subsequently, Satsuma
and Ablowitz [43] described the interactions of lumps from N-solitons of KP and the (2+1)-D Schrodinger
equation. After that, in literature, numerous high-dimensional nonlinear PDEs also admit lumps, such as
the three-wave resonant interaction equation [44], shallow water-like equation [45], two-mode generalized
evolution equation [46], extended KP equation [47], and many other equations.
A Symbolic Computational Approach [4855] is a valuable tool for creating rogue wave solutions of an
integrable nonlinear PDE among the several approaches to studying nonlinear PDEs. SCA offers a straight-
forward method for locating higher-order rogue waves. To produce the rogue waves of the nonlinear PDEs,
Zhagilao’s SCA [31] includes a phase in which the equation is first transformed into a bilinear form, as
described by Hirota, and then uses a dependent variable transformation. We may streamline this procedure
and compute the various nonlinear PDE solutions by skipping the bilinear form stage and immediately con-
verting the equation into an elucidated form.
Verifying a PDE’s integrability is crucial since the concerned approach is applied to integrable nonlinear
PDE. While integrable PDEs have exponentially localized solutions, studying their integrability to nonlinear
PDEs helps produce solitons, lumps, rogue waves, and other solutions. We assess the entire integrability of
a nonlinear PDE using the Painlev’e test. We analyze this using symbolic system software Mathematica.
Baldwin and Hereman [10] constructed an algorithm and provided a symbolic computation for Painlevé
analysis using the WTC-Krushkal method [56].

In this article, we investigate the generalized (3+1)-dimensional nonlinear KdV-BBM [32-34] equation

Ugt + al(uuw)x + QoUppay — Q3ULzgat + AUy — O5Uzy = 07 (1)

where the coefficients «;;1 < i < 5 are real parameters. The equation generalizes the well-known
equations as

e When a3 = ay = a5 = 0, equation gives to the KdV equation as
up + Q1uly + Q2Uggr = 0 (2)
e When a3 = a5 = 0, equation (1)) becomes the (241)-D KP equation as
Ut + o1 (Ully )z + Q2Ugzzs + 4ty =0 (3)
e When a3 = 0, equation (/1) gives (3+1)-D KP equation as

Uzt + 1 (uu:c)x + aUpgre + QqUyy — A5Uzyz = 0 (4)



It is essential to address the issue of describing physically convincing answers to the equation . This
equation analyzes the transition of long waves with modest amplitudes propagating in plasma physics. It
determines whether the transverse dynamics should be considered and can be used to analyze the motion of
waves in fluids and other weakly dispersive mediums. By simplifying the symbolic computational approach,
we drive the first-order, second-order rogue wave and lump solutions. Due to the ignorance of nonlinearity
and dispersion, solitons are formed; thus, solitons, lumps, and rogue waves play a crucial role in studying
shallow water waves. By applying the Painlevé analysis, we get complete integrability of the KdV-BBM
equation, which confirms the existence of such solutions as rogue waves, lumps, solitons, and others. We
bilinearize of the said equation and compute the center-controlled rogue wave solutions with center param-
eters for first-order and second-order and the center-controlled lump solutions with two sets of coefficient
values. Furthermore, the dynamical study of the obtained solution shows the existence of rogue waves and
lumps in fluid dynamics, optical fibers, dusty plasma, oceanography, water engineering, and other nonlinear
sciences.

The article is organized as follows: Coming section investigates the integrability of the KdV-BBM equation
using Painlevé analysis. In Section 3, we simplify the symbolic computational approach and apply it to
the KAV-BBM equation to form an bilinear equation of the said equation. Section 4 computes the center-
controlled first-order and second-order rogue wave solutions and shows the obtained solution’s dynamics
with different center parameter values. In section 5, we obtain the center-controlled lump solutions with
two sets of coefficient values and depict the dynamics for the same with different center parameter values.
Section 6 discusses the results of obtained solutions and their graphics. The last section concludes the work
and investigation.

2 Painlevé test analysis

In Painlevé analysis, we consider the solution of the Eq. as a Laurent’s series about the manifold
p(z,y,2,t) , to investigate the integrability as

u(x,y,z,t) = Zuj(x7y7zvt)pj_)\7 (5)
=0

where X is a positive number, and u; = u;j(z,y,2,t);7 = 0,1,2,...;. On substituting the Eq. into Eq.
, we compute A by resembling the dominance terms as

A=2.
Also, we encounter the leading order behavior concerning the resonance j as

_ 12p2(a3ps — a2py)

U ;o Jg=-—1,4,5,6.
a1
Due to the irrational choice, the resonance j = —1 for singular manifold p(z,y,z,t) = 0 occurs. The
expressions for u;;j = 1,2, ..., exist explicitly with random choices for w4, us and ug. Resonances j satisfy

the condition for compatibility identically. Furthermore, it exhibits that the concerned Eq. is entirely
Painlevé integrable.

3 Simplification of Symbolic Computation Approach

Let us consider a (341)-D nonlinear PDE as

P(U,Ut,uxt,Uyt, Uzt Uy, ummu:vya Ugzy Uzy Uzg,y* ) = 07 (6)



where subscripts are the partial derivatives w.r.t. the variables x, ¥, z, and t.
Step 1: We use a Painlevé transformation

=T(F(¢2)), (7)

where £ = {(z,y,t) and F is a auxiliary function of dependent variables.
Step 2: By substituting the transformation into the Eq. @, we get an bilinear equation in F'(¢, 2)

QUP(E ) =0 .
Step 3:
(i) For center-controlled rogue waves, we assume the auxiliary function F as
F(f, Z) = A(Ev 2, /877) - fk:+1 + 2,82pk —+ 2fyqu + (62 4 72)](-’{71’ (9)
with
k(k+1)/2 n
E2) = 3 S ) ony 2Pt
n=0 j5=0
k(k+1)/2 n
pe(€2) = 3N bpry-on gy F RO,
n=0 j=0
k(k+1)/2 n .
ar(§:2) = Z Z (k1) — jz27§(k(k+1)—2”),
n=0 j5=0

fo=1,f-1 =po = q = 0, where a,, by m,cm with [,m € {0,2,--- ,k(k + 1)} and 8,7 are the real
parameters. The values for a;,, by m,c;m can be determined, and the constants 3, control the center of
the wave.

(ii) For generating the center-controlled lump solution, we consider the auxiliary function F' as a rational
solution

F(¢,2) = G*+H*+ay,
G(,2) = a1(§—7)+azz—B) + as,
H(f,z) = a4(€_7)+a5(2_/8)+a67 (10)

where a;;1 < i < 7 are the constants and 3, are the center-controlled parameters.

3.1 Application of SCA to KdV-BBM equation
Considering &(z,y,t) = x + gy — ht in equation , we get
al(ug + uuge) + anugeee + hogueeee + g2a4u§£ — huge — asu,, =0, (11)
where g and h are the constants. Now, considering the phase variable ¢; in the equation as
¢i = pif — wiz, (12)

where p; and w; for i = 1,2,3,..., are the real parameters and dispersion coefficients respectively. On
substituting u(&, ) = e® in the linear terms of Eq. , we compute the dispersion as

i \/06492 + azhp? + agp? — h
\/ Q5 ’

wi:j:

(13)



Assuming the Cole-Hopf transformation

u(&,z) = R(logF)¢e (14)

with R as a non-zero parameter and F' = F({,z) as a dependent variable function. We substitute the
transformation and equation with F'(§,2z) =1+ eP1E~W1% in equation , and solve for R, we get

12 (g + azh)
aq

R=

To compute the different solutions for the equation ([L1f), we consider the dependent variable transformation

as
12(cty + ash
n %OB)(ZOQF)&. (15)

Substitution of transformation ([15)) into equation (11]) converts to the bilinear equation in F'(&, 2z) as

U(f, Z) = Ug

th — hFF& — alqug + aqugF Fee + 3042F§2§ —daoFeFeee + aoF Feeee — 4a3hF§F§§§
+ 30&3th§ + aghFFgggg — Oz4g2F€2 + Oé4g2FF§£ + a5FZ2 —asFF,, =0. (16)

4 Center-controlled rogue wave solutions
4.1 First-order rogue wave solution
To construct a first-order rogue wave, we choose dependent variable function F'(&, z) for k = 0 in equation

@ as
F(&,2) = a0 + ap22* + ag . (17)

On substituting Eq. into the bilinear Eq. , and equating all the coefficients of different powers of
2% r,s € Z to zero, we get a system of equations

—205a0,2a2,0 — 204492(1%70 + 2ha%70 - Zaluoaao = 0 (18)
2a5a3’2 + 2a492a072a270 — 2hag 2a2,0 + 20qupap 2029 = 0 (19)
120&2&%70 - 20&5&0’(]&0,2 + 2a4g2a070a270 + 12a3ha%70 - 2ha070a270 + 2a1u0a070a2,0 = 0 (20)

On solving this system , we obtain the constants as

3(052 + Oégh)ag’o

%00 = —04492 + h — 041U()7
Gn — (—oug® +h— 041“0)“270’
Qs
a0 = a2p0- (21)

Thus, the equation with values in becomes

3 + ash 2 =2 (—asg® + h — aqu
((212 azh) +( 7)? (—aag 1o) w0, (22)
—04g +h—a1u0 67

F(2) = fi(62,8,7) = ((§ - B) +

which is a solution of equation with center controlled parameters 5 and . By substituting equation
into , we get a rogue wave solution as

24 (ag + ash) <(5 _ 5)2 __3(a2tash) + (z—’v)2<—a492+h—a1u0)>

a4g®—h+aiug as

u(§,z) = up + (23)

a1 ((ﬁ _ 5)2 __3(aztash) + (277)2(7a492+h7a1u0)) 2

a4g?—h+agug as



Figure 1: First-order rogue wave for solution (23|) with the function having values: up = —1,1 = ag =
a3 = a4 = a5 = 1,9 = h =1, and center-controlled parameters as: (a) 5 =0,7=0; (b) § = —8,v = —5;
and (c) 8 = 5,7 =8. (d-f) are 2-D contours for (a-c) w.r.t £z-plane.

4.2 Second-order rogue wave solution
For a second-order rogue wave, we consider dependent variable function F'(¢, z) for k = 1 in equation @D as
F(&,2) = ago + E'aso + Eago + 2Pa0e + 2 agq + 2ao s + ' 2%aup + E2%az2 + Z2a02 + aop.  (24)

Substituting Eq. into the bilinear Eq. , and equating all the coefficients of different powers of
E"z2% r,s € Z to zero, gives a system of equations. Solving this system of equations results the constants as

o — 6255 (ag + Oégh) 3a4,2 oy — 475 (042 + a3h) 20,472 o — 17 (042 + a3h) Q4,2
0.0 (cag? — h + aqug)* ' 0273 (agg? — h + aqug) 2’ 0.4 3o

e — (a492 —h+ OélU()) 2a4,2 4o — 12505 (a2 + Oé3h) 2(14’2 4o — —30 (052 + Ozgh) a4,2

06 3a? ’ 207~ 73 (agg? — h + aqug) 3’ 22 (cag® — h + aqug)
0 — — (04492 —h+ 041U0) a4, ar o — 25ar5 (OQ + Oz3h) a4
24 as ' 07 3 (aug? — b+ arug) 2

—Qa5a
a670 = 574,2 (25)

3(0[492 —h + Oquo)



where a4 2 is an arbitrary constant. Thus, the equation ((17]) with values in (25) becomes

R _ 4A _ 6 _ 2A2 A3
F(6.2) = 6. py) = 2BV 2EA sl 27 12505l 2P 187004
3(B-€)72(z—7)'B  90(B—¢&)2A(z—7)* |, (z—1)°B* | 4754%(z —y)?
as - B * a2 * B?
N4
L ITAC =T g5 ez - 0)), (26)

Qs

where A = (ag+ash) and B = (a49? — h+ ajug), which is a solution of equation with center controlled
parameters 8 and . By substituting equation into , we get a second-order rogue wave solution as

n 12(c + ash)
aq

(log f2(&, 2, B.7))ee. (27)

u(§, z) = up
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Figure 2: Second-order rogue wave for solution (27)) with the function having values: ug = —1, a1 = ag =
a3 =ay = as = 1,9 = h = 1, and center-controlled parameters as: (a) 5 =0,7=0; (b) § = —-7,7 = —5;
and (c¢) 8 =17,v=05. (d-f) are 2-D contours for (a-c) w.r.t {z-plane.



5 Center-controlled lump solutions

To construct center-controlled lump, we consider the function F'(&, z) as Eq. .

F(¢2) = G*+ H? +ar,
G(&z) = ai(§—7)+a(z—P)+as,
H(&,Z) = a4(£—’y)+a5(z—6)+a6, (28)

where the constants a;; 1 <4 < 7 need to be determined. By substituting the Eq. into the bilinear Eq.
, and equating all the coefficients of terms with powers of £"2%; 7, s € Z to zero. Furthermore, we can get
different solutions by solving the obtained system of equations with appropriate choices. We are showing
two sets as

—aiaz

aa , Ay :a47é0,a1 = al, a2 = ag,

a2/
2. a1 = as :a6:(),a4 =t —— - 5 , a9 = ag,a3 = az, a7y = ary,
Vh—uoa1—g%ay

Therefore, we compute a center-controlled lump solution by putting Eq. with a solution set into Eq.

@) =

1. a3:a6:a7:0,a5:

wé 2 = un— 24a3 (oo + ash) (ai(y — €)* — d3(z — B)?)
5= a1 (07— €? + a3z 5)2) 2 (29)
wEz) = ups HBon(e2tash) (053 (-0 HarTH(a(z—B)Taa)?T) g
o T? (awm ik (az(z B) + az)?+ a7> 2

where T' = (—a492 +h— aluo), for both solution sets as above, respectively.

6 Results and discussion

Due to the complete integrability of the KdV-Benjamin-Bona-Mahony equation, it can possess different
solutions, such as solitons, rogue waves, lumps, and others. We obtained the center-controlled first-order,
second-order rogue waves and center-controlled lumps for the KdV-BBM equation with appropriate choices
of parameters and displayed the dynamics for the computed solutions. Furthermore, the discussion of the
results is as

e Figure(l|depicts the center-controlled first-order rogue wave solution due to the singularity & = ~ along
with the parameters ug = —10,a3 = —1,a1 = as = a4 = a5 = 1,9 = h = 1, and center parameters as
B=0,7y=0; 8=-8y=0;and §=5,7=238, for (a), (b), and (c), respectively.

e In figure [2] we illustrate the center-controlled second-order rogue wave solution due to the singularity
around ¢ that moves depending on the value of ¢ = v, along with the parameters ug = —1,a; =
ay = a3 =a4 =as = 1,9 = h = 1, and center parameters as § = 0,7y =0; § = —7,7 = —5; and
B ="1,v=5, for (a), (b), and (c), respectively.

e Figure|3|shows the center-controlled lump solution due to the singularity £ = ~ along with the param-
eters ug = 10,as = a4 = 0.5, 1 = a3 = 1, s = 2 and center parameters § =0,y =0; § = =3,y = —1;
and § = 3,7 =2 for (a), (b), and (c), respectively.

e In figure [4] we depict the center-controlled lump solution due to the singularity £ =+ along with the
parameters ug = 5,a3 = 0.9,a3 = a7y = 0.5,a01 = as = l,a3 = a4 = a5 = 1,9 = h = 1, and center
parameters 5 = 0,7 =0; 8 = —8,7 = —5; and 8 = 3,7 = 8 for (a), (b), and (c), respectively.



Figure 3: Lump for solution with the function having values: ug = 10,a9 = a4 = 0.5,a1 = ag =
1,0 = 2,h = 1, and center-controlled parameters as: (a) § = 0,7 = 0; (b) 8 = —2,7 = —1; and (c)
B =2,v=2. (d-f) are 2-D contours for (a-c) w.r.t £z-plane.

7 Conclusions

This article investigated a generalized (3+1)-dimensional KdV-Benjamin-Bona-Mahony equation with con-
stant coefficients. We used the simplified symbolic computational approach to obtain center-controlled
first-order, second-order rogue wave, and center-controlled lump solutions. Painlevé analysis is used to
check the complete integrability of the investigated KdV-BBM equation. We examined the rogue waves
and lumps for different values of center-controlled parameters and appropriate choices of different present
parameters in the KAV-BBM equation. Using the symbolic computation approach, we obtained the bilinear
equation in the auxiliary function of the KdV-BBM equation, then obtained the first-order, second-order
rogue wave and lump solutions, and depicted the dynamics for the solutions with different center parameter
values using symbolic system software Mathematica. We have shown that the singularities for the rogue and
lump waves occur concerning the center parameters 8 and . The KdV-BBM equation analyses the develop-
ment of long waves with modest amplitudes propagating in plasma physics and the motion of waves in fluids
and other weakly dispersive mediums. Moreover, rogue wave and lump solutions are essential in several
nonlinear fields, such as fluid dynamics, optical fibers, dusty plasma, oceanography, water engineering, and
other scientific areas.
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Figure 4: Lump for solution (30) with the function having values: ug = —1,a3 = 0.9,a3 = 0.3,a7 =
05,00 =g =y = a5 = 1,a3 = 2,9 = h = 1, and center-controlled parameters as: (a) 5= 0,7 = 0; (b)
B =—5,7=—5;and (c) =3,y =38. (d-f) are 2-D contours for (a-c) w.r.t {z-plane.
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